Abstract. Let F be a finite field and k be a positive integer. We compute the reduced Gröbner basis for the Hilbert ideal of GL k (F ) in terms of Dickson invariants of its subgroups.
Introduction
Let F be a finite field with q elements and GL k (F ) be the general linear group of a k < ∞ dimensional vector space over F . The ring of invariants of the natural action of GL k (F ) on R := F [x 1 , x 2 , . . . , x k ] was computed by Dickson [2] and was found to be a polynomial ring on certain polynomials that are called Dickson invariants. Since the Dickson invariants form a homogeneous system of parameters for R, R is a free module over the invariant ring. A nice generating set for R as a module over the invariant ring was given by Campbell et al. [1] and Steinberg [3] , where it is shown that there exists a basis for R consisting of monomial factors of a single monomial. An important ingredient of [1] is the study of the Hilbert ideal, which is the ideal in R generated by positive degree invariants. Among other things, Campbell et al. computed the lead term ideal of the Hilbert ideal with respect to lexicographic order and gave an algorithm that produces its reduced Gröbner basis. They also introduced a family of polynomials that approximate this basis; see [1, § §5, 6] . The purpose of this paper is to describe the Gröbner basis in question more explicitly. In fact, we show that for each 1 ≤ i ≤ k, the i-th element in the Gröbner basis is a polynomial in the Dickson invariants of GL i (F ), and we compute this polynomial; see Proposition 4. We do this by proving a suitable relation among the Dickson invariants in R.
For a nice account of Dickson invariants we refer the reader to [5] , and for a background on the Gröbner basis we recommend [4] .
The Gröbner basis
We denote the general linear group GL k (F ) simply by G. We call the ring of invariants which is generated by the Dickson invariants the Dickson algebra and denote it by R G . The corresponding Hilbert ideal is denoted by R G + · R. We use the graded lexicographic order with x 1 < x 2 < x 3 < · · · < x k on R and the leading monomial of a polynomial f in R will be denoted by LM(f ). For i in {1, 2, . . . , k} we define G i as the subgroup of G that stabilizes x j for i < j ≤ k. In particular G k = G and G 0 = 1. One way to construct the Dickson invariants is via the polynomial
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We are now ready to state our main result. I generated by {g 1 , g 2 , . .
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Proof. We fix s and proceed by induction on v. For v = 1, we have only one element in P s,1 , which is the partition 1 = 1 whose length is one, and therefore 
